Random-matrix theory is used to show that the proximity to a superconductor opens a gap in the excitation spectrum of an electron gas con ned to a billiard with a chaotic classical dynamics. In contrast, a gapless spectrum is obtained for a non-chaotic rectangular billiard, and it is argued that this is generic for integrable systems.
The quantization of a system with a chaotic classical dynamics is the fundamental problem of the eld of \quantum chaos " 1,2] . It is known that the statistics of the energy levels of a two-dimensional con ned region (a \billiard") is di erent if the dynamics is chaotic or integrable 3{5]: A chaotic billiard has Wigner-Dyson statistics, while an integrable billiard has Poisson statistics. The two types of statistics are entirely di erent as far as the level correlations are concerned 6]. However, the mean level spacing is essentially the same: Particles of mass m in a billiard of area A have density of states mA=2 h 2 , regardless of whether their dynamics is chaotic or not.
In the solid state, chaotic billiards have been realized in semiconductor microstructures known as \quantum dots " 7] . These are con ned regions in a two-dimensional electron gas, of su ciently small size that the electron motion remains ballistic and phase-coherent on long time scales. (Long compared to the mean dwell time t dwell of an electron in the con ned region, which itself is much longer than the ergodic time t erg in which an electron explores the available phase space.) A tunneling experiment measures the density of states in the quantum dot, if its capacitance is large enough that the Coulomb blockade can be ignored. As mentioned above, this measurement does not distinguish chaotic from integrable dynamics.
In this paper we show that the density of states becomes a probe for quantum chaos if the electron gas is brought into contact with a superconductor. We rst consider a chaotic billiard. Using random-matrix theory, we compute the density of states (E) near the Fermi level (E = 0), and nd that the coupling to a superconductor via a tunnel barrier induces an energy gap E gap of the order of the Thouless energy E T ' h=t dwell . More precisely, E gap = cN? =2 ; (1) where N is the number of transverse modes in the barrier, ? is the tunnel probability per mode, 2 is the mean level spacing of the isolated billiard, and c is a number which is weakly dependent on ? (c decreases from 1 to 0.6 as ? increases from 0 to 1). Eq. (1) requires 1 N? = , where is the energy gap in the bulk of the superconductor. In this limit (E) vanishes identically for E E gap . In contrast, for a rectangular billiard we do not nd an energy gap in which = 0, but instead nd that the density of states vanishes linearly with energy near the Fermi level. We present a general argument that in an integrable billiard has a power-law dependence on E for small E.
The system considered is shown schematically in the inset of Fig. 1 . A con ned region in a normal metal (N) is connected to a superconductor (S) by a narrow lead containing a tunnel barrier. The lead supports N propagating modes at the Fermi energy. Each mode may have a di erent tunnel probability ? n , but later on we will take all ? n 's equal to ? for simplicity. The proximity e ects considered here require time-reversal symmetry, so we assume zero magnetic eld. (The case of broken time-reversal symmetry has been studied previously 8{10].) The quasi-particle excitation spectrum of the system is discrete for energies below . We are interested in the low-lying part of the spectrum, consisting of (positive) excitation energies E n . We assume that the Thouless energy E T N? =2 is also much smaller than 11].
There are two methods to compute the spectrum in the regime E; E T . The rst method is a scattering approach, which leads to the determinant equation 12] Det 1 + S 0 (E)S 0 (?E)] = 0: (2) The N N unitary matrix S 0 (E) is the scattering matrix of the quantum dot plus tunnel barrier at an energy E above the Fermi level. Eq. (2) is a convenient starting point for the case that the quantum dot is an integrable billiard. 
where we have abbreviated w 2 n = (WW T The solution of this gap equation is the result (1) announced in the introduction. The complete analytical solution of Eq. (10) is omitted here for lack of space. In Fig. 1 (13) To check the validity of the perturbation theory, we have computed (E) numerically from Eq. (3) by generating a large number of random matrices H 0 in the Gaussian orthogonal ensemble. The numerical results (data points in Fig. 1 ) are consistent with Eq. (10), given the nite dimensionality of H 0 in the numerics.
We now turn to a non-chaotic, rectangular billiard. A lead perpendicular to one of the sides of the rectangle connects it to a superconductor. (The billiard is drawn to scale in the upper left inset of Fig. 2 ). There is no tunnel barrier in the lead. The scattering matrix S 0 (E) is computed by matching wave functions in the rectangle to transverse modes in the lead. The density of states then follows from Eq. (2). To improve the statistics, we averaged over 16 rectangles with small di erences in shape but the same area A (and hence the same = h 2 =mA). The number of modes in the lead (width W) was xed at N = mv F W= h = 200 (where v F is the Fermi velocity). In the lower right inset of Fig. 2 we show the integrated density of states (E) = R E 0 dE 0 (E 0 ), which is the quantity following directly from the numerical computation. The density of states (E) itself is shown in the main plot.
We have also computed the Bohr-Sommerfeld approximation to the density of states,
Here P(s) is the classical probability that an electron entering the billiard will exit after a path length s. Eq. (14) is the Bohr-Sommerfeld quantization rule for the classical periodic motion with path length 2s and phase increment per period of 2Es= hv F ? . The periodic motion is the result of Andreev re ection at the interface with the superconductor, which causes the electron to retrace its path as a hole. 
In Fig. 2 we see that the exact quantum mechanical density of states also has (approximately) a linear E-dependence near E = 0, but with a smaller slope than the semi-classical BohrSommerfeld approximation.
We argue that the absence of an excitation gap found in the rectangular billiard is generic for the whole class of integrable billiards. Our argument is based on the Bohr-Sommerfeld approximation. It is known 17, 18] that an integrable billiard has a power-law distribution of path lengths, P(s) ! s ?p for s ! 1. Eq. (14) then implies a power-law density of states, (E) / E p?2 for E ! 0.
To conclude, we have shown that the presence of an excitation gap in a billiard connected to a superconductor is a signature of quantum chaos, which is special in two respects: It appears in the spectral density rather than in a spectral correlator, and it manifests itself on the macroscopic energy scale of the Thouless energy rather than on the microscopic scale of the level spacing. Both these characteristics are favorable for experimental observation. Our theoretical results are rigorous for a chaotic billiard and for an integrable rectangular billiard. We have presented an argument that the results for the rectangle are generic for the whole class of integrable billiards, based on the semi-classical Bohr-Sommerfeld approximation. It remains a challenge to develop a rigorous general theory for the integrable case.
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